Abstract: In this paper, we prove the existence of at least two nontrivial solutions for a nonlinear elliptic problem involving p(x)-Laplacian-like operator and nonsmooth potentials. Our approach is variational and it is based on the nonsmooth critical point theory for locally Lipschitz functions.
§1 Introduction
In this paper we are concerned with the following Dirichlet-type differential inclusion problems
)|∇u| p(x)−2 ∇u ∈ λ∂F (x, u), a.e. in Ω,
where Ω ⊆ R N is a bounded domain, λ > 0 is a real number, p(x) ∈ C(Ω), 1 < p − ≤ p(x) < +∞ and F : Ω × R → R is a locally Lipschitz with respect to the second variable (in general it can be nonsmooth), and ∂F (x, t) is the subdifferential with respect to the t-variable in the sense of Clarke [1] .
Parabolic and elliptic problems with variable exponents have attracted in recent years a lot of interest of mathematicians around the world. For example, [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] and the references therein. The wide study of such kind of problems is motivated by various applications related to electrorheological fluids (an important class of non-Newtonian fluids) [2, 15, 16] , image processing [17] , elasticity [18] , and also mathematical biology [19] .
In a recent paper [20] , by using the nonsmooth three critical points theorem and assuming suitable conditions for nonsmooth potential F , we proved the existence of three solutions of (P ). In this paper our goal is to prove the existence of at least two solutions for the problem (P ) as the parameter λ > λ 0 for some constant λ 0 .
Next, we assume that F (x, t) satisfies the following general conditions:
(f 1 ) |w| ≤ c 1 + c 2 |t| α(x)−1 , for almost all x ∈ Ω, all t ∈ R and w ∈ ∂F (x, t);
(f 2 ) There exist γ ∈ C(Ω) with p + < γ(x) < p * (x) and µ ∈ L ∞ (Ω), such that lim sup t→0 w, t |t| γ(x) < µ(x), uniformly for almost all x ∈ Ω and all w ∈ ∂F (x, t); (f 3 ) There exist t 0 > r 0 > 0 and x 0 ∈ Ω such that
The paper is organized as follows. We first introduce some basic preliminary results and a well-known lemma in Section 2, including the variable exponent Lebesgue and Sobolev spaces. In Section 3, we give the main result and its proof. In Section 4, we give the summary of this paper. §2 Preliminaries In this part, we introduce some definitions and results which will be used in the next section.
Firstly, we introduce some theories of Lebesgue-Sobolev space with variable exponent. The detailed description can be found in [21] [22] [23] [24] .
Denote by U (Ω) the set of all measurable real functions defined on Ω. Two functions in U(Ω) are considered to be one element of U(Ω), when they are equal almost everywhere.
λ | p(x) dx ≤ 1}, and
(Ω) as the closure of
Hereafter, let 
then the following relations hold
(Ω) is compact and continuous.
Consider the following function:
(Ω).
We know that (see [1] 
(Ω), A is as above, then (1) A : X → X * is a convex, bounded and strictly monotone operator;
(2) A : X → X * is a mapping of type (S) + , i.e., u n w → u in X and lim sup
Let X be a Banach space and X * be its topological dual space and we denote ·, · as the duality bracket for pair (X * , X). A function ϕ : X → R is said to be locally Lipschitz, if for every x ∈ X, we can find a neighbourhood U of x and a constant k > 0 (depending on U ), such that |ϕ(y) − ϕ(z)| ≤ k y − z , ∀y, z ∈ U.
For a locally Lipschitz function ϕ : X → R, we define
It is obvious that the function h → ϕ 0 (x; h) is sublinear, continuous and so is the support function of a nonempty, convex and w * -compact set ∂ϕ(x) ⊆ X * , defined by
The multifunction ∂ϕ : X → 2 X * is called the generalized subdifferential of ϕ.
If ϕ is also convex, then ∂ϕ(x) coincides with subdifferential in the sense of convex analysis, defined by
A point x ∈ X is a critical point of ϕ, if 0 ∈ ∂ϕ(x). It is easily seen that, if x ∈ X is a local minimum of ϕ, then 0 ∈ ∂ϕ(x).
A locally Lipschitz function ϕ : X → R satisfies the nonsmooth C-condition at level c ∈ R(the nonsmooth C-condition for short), if for every sequence {x n } n≥1 ⊆ X, such that ϕ(x n ) → c and (1 + x n )m(x n ) → 0, as n → +∞, there is a strongly convergent subsequence, where m(x n ) = { x * * : x * ∈ ∂ϕ(x n )}. If this condition is satisfied at every level c ∈ R, then we say that ϕ satisfies the nonsmooth C-condition. Finally, in order to prove our result in the next section, we introduce the following lemma: Lemma 2.1 [25] Let ϕ : X → R be locally Lipschitz function and
and ϕ satisfies the nonsmooth C-condition at level c, where c = inf
The main results and proof of the theorem
In this part, we will prove that for (P ) there also exist two weak solutions for the general case.
Our hypotheses on nonsmooth potential F (x, t) are as follows. H(F): F : Ω × R → R is a function such that F (x, 0) = 0 a.e. on Ω and satisfies the following facts:
(1) for all t ∈ R, x → F (x, t) is measurable; (2) for almost all x ∈ Ω, t → F (x, t) is locally Lipschitz. We consider the energy function ϕ :
(Ω) → R for the problem (P ), defined by
(Ω), R), we have
where
≤ r}. Note that B r is w-compact. Then we obtain that there exists a positive constant M , such that J (u) W −1,q(x) (Ω) ≤ M , for sufficiently small r.
Therefore, for any u 1 , u 2 ∈ B r , we have
On the other hand, by (f 1 ) and Lebourg's mean value theorem we have
Hence,
is bounded.
So,
Therefore, ϕ is locally Lipschitz.
hold and α + < p − , then there exists λ 0 > 0 such that for each λ > λ 0 , problem (P ) has at least two nontrivial solutions.
Proof: The proof is divided into five steps as follows.
Step 1. We will show that ϕ is coercive in the step.
Firstly, on account of (f 1 ), we have
for almost all x ∈ Ω and t ∈ R.
Therefore, for any |u| α(x) > 1 and u > 1, we have
In view of (1), (2), the Hölder inequality and the Sobolev embedding theorem, we have
Step 2. We will show that the ϕ is weakly lower semi-continuous. (Ω), by Proposition 2.1, we obtain the following results:
u n → u for a.e. x ∈ Ω;
F (x, u n (x)) → F (x, u(x)) for a.e. x ∈ Ω. Applying the Fatou Lemma, we have lim sup
Thus,
Hence, by the Weierstrass Theorem, we deduce that there exists a global minimizer u 0 ∈ W
1,p(x) 0
(Ω) such that ϕ(u 0 ) = min
(Ω) ϕ(u).
Step 3. We will show that there exists λ 0 > 0 such that for each λ > λ 0 , ϕ(u 0 ) < 0.
In view of condition (f 3 ), there exists t 0 ∈ R such that F (x, t 0 ) > δ 0 > 0, a.e. x ∈ B r0 (x 0 ). It is clear that 0 < M 1 := max |t|≤|ξ0| {c 1 |t| + c 2 |t|
Now we denote
where t 0 < t 1 < t 2 < 1 and δ 0 is given in the condition (f 3 ). A direct calculation shows that the function t → δ 0 t N − M 1 (1 − t N ) is positive whenever t > t 0 and δ 0 t Next, we will show that for each λ > λ 0 , the problem (P ) has two nontrivial solutions. In order to do this, for t ∈ [t 1 , t 2 ], we define
Hypotheses (f 1 ) and (f 3 ) imply that
which implies that ϕ(η t ) < 0 whenever λ > λ 0 .
Step 4. We will check the C-condition in the following.
(Ω) be a sequence such that ϕ(u n ) → c and (
Moreover, since ϕ is coercive, it follows that {u n } n≥1 is bounded in W
(Ω). Hence by passing to a subsequence if necessary, we may assume that u n u weakly in W 1,p(x) 0
(Ω). Next we will prove that u n → u in W
(Ω) as n → ∞.
Moreover, since u *
bounded, where
So using Proposition 2.2, we have u n → u as n → ∞. Thus ϕ satisfies the nonsmooth Ccondition.
Step 5. We will show that there exists another nontrivial weak solution of problem (P ).
From Lebourg's Mean Value Theorem, we obtain
for some w ∈ ∂F (x, ϑt) and 0 < ϑ < 1. Thus, hypothesis (f 2 ) implies that there exists β ∈ (0, 1) such that
, ∀|t| < β and a.e. x ∈ Ω. (3) It follows from the conditions (f 1 ) and 1 < α
|t| > β and a.e. x ∈ Ω,
this together with (3) yields that for all t ∈ R and a.e. x ∈ Ω,
for some positive constant c 3 .
Note that p + < γ(x) < p * (x), then by Proposition 2.1 we have the continuous embeddings
That is, there exists c 4 such that
For all λ > λ 0 , u < 1 and |u| γ(x) < 1, we have
Therefore, for ρ > 0 small enough, there exists a ν > 0 such that ϕ(u) > ν, for u = ρ and u 0 > ρ. So by the Nonsmooth Mountain Pass Theorem (cf. Lemma 2.1), we can get
(Ω) satisfies ϕ(u 1 ) = c > 0 and m(u 1 ) = 0. So, u 1 is another nontrivial critical point of ϕ.
Remark 3.1. The result in this paper is different from the one in [20] since the assumption on the nonsmooth potential function F is different. In fact, our conditions (f 1 )-(f 3 ) are weaker than conditions (h 1 )-(h 3 ) in [20] . For example, we can find a nonsmooth potential function satisfying the hypothesis of our Theorem 3.1. But the function does not satisfy conditions Theorem 3.1 of Zhou and Ge [20] . For more details, please see (2) (f 4 ) For almost all x ∈ Ω and all t ∈ R, we have
Then there exists a λ 0 > 0 such that for each λ > λ 0 , the problem (P ) has at least two nontrivial solutions.
Proof:
The steps are similar to those of Theorem 3.1. In fact, we only need to modify Step 1 and Step 4 as follows: (1 ) Show that ϕ is coercive under the condition (f 4 ); (4 ) Show that there exists a second nontrivial solution under the conditions (f 1 ) and (f 2 ). Then from Steps (1 ), 2, 3 and (4 ) above, the problem (P ) has at least two nontrivial solutions.
Step 1 . Due to the assumption (f 4 ), for all u ∈ W 1,p(x) 0
(Ω), u > 1, we have
Step 4 . By hypothesis (f 1 ) and the mean value theorem for locally Lipschitz functions, we have F (x, t) ≤c 1 |t| + c 2 |t|
for a.e. x ∈ Ω, all |t| ≥ β with c 5 > 0.
Combining (3) and (4), it follows that
for a.e. x ∈ Ω and all t ∈ R.
Thus, for all λ > λ 0 , u < 1, |u| γ(x) < 1 and |u| α(x) < 1, we have So, u 1 is second nontrivial critical point of ϕ.
Remark 3.2. We shall give an example in (3) in the Summary. §4 Summary
(1) If F : Ω × R → R satisfies the Carathéodory condition, then ∂F (x, t) = {f (x, t)}. Therefore by Theorem 3.1 we can show the existence of two weak solutions of the following Dirichlet problem involving the p(x)-Laplacian-like
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In [24] , Manuela Rodrigues was able to prove that, under suitable conditions, the problem (P 2 ) might have at least one solution, or have infinite number of solutions.
(2) We give an example in the following to illustate our viewpoint in Remark 3.1. Let p − >max {α + , θ + } and consider the following nonsmooth locally Lipschitz function:
where inf
We can choose q(x) = γ(x), then lim sup
Obviously, t → F (x, t) is locally Lipschitz. Then 
